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Abstract. We present the first calculation of the bispectrum of the matter perturbations
induced by cosmic strings. The calculation is performed in two different ways: the first uses
the unequal time correlators (UETCs) of the string network - computed using a Gaussian
model previously employed for cosmic string power spectra. The second approach uses the
wake model, where string density perturbations are concentrated in sheet-like structures whose
surface density grows with time. The qualitative and quantitative agreement of the two gives
confidence to the results. An essential ingredient in the UETC approach is the inclusion of
compensation factors in the integration with the Green’s function of the matter and radiation
fluids, and we show that these compensation factors must be included in the wake model
also. We also present a comparison of the UETCs computed in the Gaussian model, and
those computed in the unconnected segment model (USM) used by the standard cosmic
string perturbation package CMBACT. We compare numerical estimates for the bispectrum
of cosmic strings to those produced by perturbations from an inflationary era, and discover
that, despite the intrinsically non-Gaussian nature of string-induced perturbations, the matter
bispectrum is unlikely to produce competitive constraints on a population of cosmic strings.
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1 Introduction
Cosmic strings are linear topological defects formed after a symmetry-breaking phase transi-
tion in the early Universe [1–5]. They are characterised by their dimensionless mass per unit
length, Gµ, where G is Newton’s constant, and the mass per unit length µ is proportional
to the square of the symmetry breaking scale. Simulations and analytical modelling in an
expanding universe show that a network of cosmic strings relaxes towards a so-called scal-
ing regime, in which the average string separation is of order the Hubble length. However
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the mechanism by which the cosmic string network loses energy - typically via the transfer of
energy from large scales to smaller scales - is still not well understood. In the Nambu-Goto ap-
proximation, where strings are modelled with zero width, energy is transferred from “infinite”
(longer than the horizon length) strings to smaller loops by reconnection, and then presumably
into gravitational radiation [6–12]. In simulations of an underlying Abelian Higgs field theory
[13–17], the energy is lost through the production of classical radiation of the fields. Which
of these models is more accurate at late times is unknown, and may be model-dependent.
There are strong and largely model-independent constraints from the Cosmic Microwave
Background (CMB) power spectrum. The Planck collaboration gives 95% confidence upper
limits of Gµ < 1.3 × 10−7 in the Unconnected Segment Model (USM) of the Nambu-Goto
(NG) scenario, and Gµ < 3.2×10−7 in the Abelian Higgs model [18]. Slightly stronger limits
can be imposed if BICEP2 data is included [19]. The constraints are often also quoted in
terms of f10, the fractional contribution of strings to the temperature power spectrum at a
multipole ` = 10. In the Abelian Higgs model, the Pplnack upper bound is f10 < 0.028 with
95% confidence.
Perturbations from strings are expected to be much more non-Gaussian than those
generated by inflation, particularly on small scales, as they are spatially localised. Limits on
the bi- and tri-spectra of the CMB perturbations can be used to constrain Gµ [20–22], and
the Planck CMB bispectrum data results in a conservative constraint of Gµ . 8.8 × 10−7.
The possibility of using the CMB trispectrum was investigated in [23]. However, the signal
is very difficult to measure and the constraints produced are weak.
In this paper we produce the first calculation of the cosmic string matter bispectrum,
which appears a promising route for constraints or detection as, unlike the CMB bispectrum,
it is not suppressed by symmetry considerations. Our method introduces the unequal time 3-
point correlator of the source function (UETC3). We integrate it with the Green’s functions
for a simplified universe consisting of dark matter and radiation only. Our model for the
UETC3 is based on a Gaussian approximation to the string ensemble, successfully used for
calculations of the cosmic string CMB power spectrum [24] and higher order correlators [22].
We compare our results with the wake model for cosmic string matter perturbations
[2, 25–27], in which the perturbations are entirely in the form of sheet-like structures with
a surface density growing according to the Zel’dovich approximation. We show that the
bispectrum can be understood in terms of a random superposition of wakes, provided proper
attention is paid to the issue of compensation [28].
As the method is new, we validate it by calculating the cosmic string matter power
spectrum [29–36] and comparing it to that produced by CMBACT [37, 38], a standard package
for computing string perturbation power spectra, via an implementation of the USM [39].
We also compare our 2-point unequal time correlator (UETC) computed in the underlying
Gaussian string model to a recent analytic computation of the UETC captured by CMBACT
[40].
We refer the reader to related work in [41, 42] on the matter bispectrum in the context
of non-topological defects due to self-ordering scalar fields (SOSFs), modelled as a non-linear
sigma model of N scalar fields with O(N) symmetry. In these studies, it was shown that in
the large N limit, the bispectrum may be calculated. The form of the bispectrum on large
scales, as well as general considerations in [43], suggest that the matter bispectrum is unlikely
to provide competitive constraints to the CMB bispectrum of SOSFs, with the contribution
due to non-linear evolution of inflationary perturbations (expected to be Gaussian, adiabatic,
and approximately scale-free) dominating on small scales. However, the power spectrum of
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perturbations from strings decreases much less rapidly at small scales than either SOSFs or
inflationary perturbations, and the perturbations from strings are intrinsically non-linear and
non-Gaussian from the outset. The formalism developed for SOSFs is not directly applica-
ble, and different techniques are applied in this paper. Nevertheless, as we shall see, the
general features of the large scale matter bispectrum are similar, and the conclusion of the
bispectrum’s potential detectability – even at small scales – remains the same.
In Section 2 we describe our UETC-based method to estimate the matter perturbation
due to cosmic strings, and give a review of the wake model. In Section 3, we discuss compensa-
tion, an essential component of both models. We apply each of the models to the computation
of the power spectrum in Section 4. We compare the results of each of the approaches in cer-
tain asymptotic limits, verifying that they obey the same qualitative behaviour. We provide
a comparison to the output of CMBACT.
Finding excellent agreement between all three calculations, we develop the UETC3 ap-
proach to the matter bispectrum in Section 5, and compare it to the wake model. In both
cases we provide analytic estimates for the qualitative behaviour in the equilateral, squeezed,
and folded configurations in k-space. We also compare the matter bispectrum of cosmic
strings to that induced by gravitational effects at second order, and discuss whether such a
signal may be detectable. Finally in Section 6 we present our concluding remarks.
2 Density perturbations from cosmic strings
In this section two approaches are described for the evaluation of the matter density pertur-
bation due to a network of cosmic strings. First we describe the linear perturbation theory
calculation. The statistics of perturbations due to cosmic strings are generally evaluated in
this framework, since they must describe a subdominant contribution to the power spectrum.
However, it is not a priori clear whether this remains true at the level of the three-point cor-
relator (bispectrum). Therefore, we also present a non-linear estimate for the perturbation,
which we term the wake model. It uses the Zel’dovich approximation to describe the wake-like
accumulation of matter behind a moving cosmic string.
2.1 Linear perturbation theory
We consider a universe consisting of radiation and cold dark matter (CDM) only, which is an
adequate approximation at our level of modelling. The equations of motion for the radiation
and CDM density perturbations δr,c in the synchronous gauge can be written as [36, 44, 45]
δ¨c +
a˙
a
δ˙c − 3
2
(
a˙
a
)2 aδc + 2aeqδr
a+ aeq +
ΩΛ
Ωc
a4
a30
 = 4piGΘ+, (2.1)
δ¨r − 1
3
∇2δr − 4
3
δ¨c = 0, (2.2)
where the source term due to the string energy-momentum tensor is given by Θ+ = Θ00 +Θii,
a is the scale factor (with the subscript eq denoting matter-radiation equality, and 0 denoting
today), and a dot represents differentiation with respect to the conformal time, η. Note that
in order to write a choice (2.1) a choice of coordinates is made such that the CDM velocity
perturbation is zero.
We can solve the equations with a Green’s function technique, with initial conditions
set at some arbitrary time ηi much smaller than any of interest (and certainly much smaller
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than ηeq, the time of equal matter and radiation density). We denote the homogeneous part
of the solution by δIN , where N = c, r, and the particular solution as δ
S
N . The total density
perturbations δN = δIN + δ
S
N and the string source Θ00 together satisfy an energy density
conservation equation. This so-called compensation [28] is discussed in the next section.
The Green’s functions GN satisfy Gc = 0 = Gr, G˙c = 1 = 3G˙r/4 at η = η′, and GN = 0
for η < η′), and in Fourier space the particular solution is
δSN (k, η) = 4piG
∫ η
ηi
dη′GN (k; η, η′)Θ+(k, η′). (2.3)
As shall be described in Section 3 it is in practice necessary to include a multiplicative
(compensation) factor in order to account for the initial perturbation, which ensures that
energy momentum conservation is accounted for on super-horizon scales [30]. The scheme can
be justified empirically by comparison of the resulting power spectrum with that produced
by numerical codes which directly integrate the equations of motion. Despite this slight
drawback, we have utilised the Green’s function approach in order to readily produce analytic
estimates.
The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ =
(η,X(σ, η)) where (σ, η) denotes the string worldsheet coordinates, is given by
Θµν(x, η) = µ
∫
dσ
(
sX˙
µX˙ν − −1s X ′µX ′ν
)
δ(3)(x−X) , (2.4)
where prime denotes derivatives with respect to σ, s =
√
X′2/(1− X˙2) and we impose
X˙ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫
dσsX˙
2δ(3)(x−X), or in Fourier space Θ+(k, η) =
2µ
∫
dσsX˙
2eik·X(σ) . We can change the variable dσ → ds = sdσ such that
Θ+(k, η) = 2µ
∫
dsX˙2eik·X(s) . (2.5)
It should be noted that the creation of a cosmic string network results in compensating white
noise perturbations in the remaining energy density δN on super-horizon scales, as a result of
energy and momentum conservation. In Section 3 we will discuss this issue in more detail.
2.2 Differences between the CMB and Density Contrast Computations
In [55] the temperature contrast δT = δT/T due to the strings on our past light cone in
the post-recombination epoch (otherwise known as the Gott-Kaiser-Stebbins (GKS) effect
[46, 47]) was calculated to be
δTk = i8piGµ
kA
k2
∫
dσX˙A(σ)eik.X(σ) , (2.6)
where A ∈ {1, 2} runs over the transverse directions to the string world sheet. As shall be
described further in Section 4.1.2, we will assume a Gaussian distribution of the string world-
sheet co-ordinates, X, and corresponding velocity, X˙. One can show that the temperature
bispectrum (or 3-point function of δT ) is proportional to the product of the velocity-velocity
correlator and the velocity-position correlator [20–22]. For a flat Minkowski spacetime, time
reversal invariance ensures that the latter quantity is identically zero. However, in an expand-
ing FLRW spacetime this invariance is broken and the string network has a non-zero curva-
ture, such that the bispectrum is non-zero. Nevertheless, the signature remains symmetry-
suppressed, and the temperature bispectrum has not yielded comparable constraints to those
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obtained using the temperature power spectrum. Constraints on the string tension from the
GKS bispectrum are a factor of ∼ 6 lower obtained using Planck data [18].
A particular motivation for pursuing the work described in this paper is that due to the
density contrast being sourced by Θ+ = 2µ
∫
dsX˙2(s)eik.X(s) the n-point function will depend
on ∼ 〈X˙2〉n〈ei
∑n
j=1 kj .X(sj)〉, such that the signature is not symmetry suppressed for either
the power spectrum or bispectrum. More physically, one may understand the distinction as
due to the fact that the GKS effect arises due to line-like discontinuities as the photon crosses
the string path and receives a Doppler boost due to the strings conical spacetime. By contrast
the density perturbation arises due to the two-dimensional wake-like structure formed by the
accretion of matter as the string moves through spacetime.
2.3 Nonlinear approach – wake model
In this section we present an alternative - non-linear - method to obtain an analytic formula
for the matter power spectrum due to cosmic strings, based on the wake model [2, 25–27].
Our implementation of the wake model assumes the following.
• There are a constant number of long cosmic strings per Hubble volume.
• The comoving correlation length, ξ, of the cosmic strings at conformal time ηi is given
by ξ(ηi) = αηi, where α is a constant.
• During the matter era, the physical surface density at time η of a wake laid down at
time ηi by a (long straight) cosmic string is
σw =
(
4uiηi
5
)(
η
ηi
)2
ρc, (2.7)
where ρc is the background matter density and ui = 4piGµvs.
• The wake due to a string formed at ηi is modelled in comoving space as a two dimensional
disk with a radius given by the correlation length of the cosmic string at formation ξ(ηi),
i.e. we consider the wakes laid down at time ηi as being formed with a radius ξ(ηi) and
expanding with the universe, such that the comoving radius remains constant. By abuse
of notation we denote the radius of the wake at time η which is formed at time ηi as
ξ(η, ηi) ≡ ξ(ηi).
• Wakes give the dominant contribution to the matter power spectrum.
The first two assumptions are due to the well established scaling behaviour of long cosmic
strings: numerical simulations show that the number of long strings per Hubble volume is
O(10), with α ≈ 0.15− 0.3. Nambu-Goto simulations give lower values of α than field theory
simulations.
The third assumption is due to the process through which the wakes are formed. Specif-
ically, long straight cosmic strings moving with velocity vs induce a velocity perturbation
±4piGµvs, pulling matter into a wake behind them. The subsequent matter perturbation
may be found by solving the Zeldovich equation for the comoving displacement from the
central plane (see e.g. [2]).
Our fourth assumption assumes that the length and the width of the string wake are
comparable and much larger than the thickness of the wake. On dimensional grounds we
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expect that the initial physical length, width and thickness are given by li ∼ ti, wi ∼ vsti and
di ∼ uiti, respectively (where ti is the physical time corresponding to ηi). The corresponding
length, width and thickness today are given by l0 ∼ tizi, w0 ∼ vstizi, d0 ∼ uitiz2i . Therefore,
our assumption is valid for vs relativistic and uizi  1, which is true for the range of redshifts
we are interested in.
The final assumption, that wakes due to long straight strings give the dominant contri-
bution to the matter power spectrum, is essentially equivalent to the grounding assumption
of the USM, widely used to model the CMB. It should be noted that the presence of small-
scale structure on the strings is expected to significantly change the baryon abundance in the
central regions of the wakes [48].
In order to perform the calculation of the total cosmic string matter power spectrum
and bispectrum, we must first calculate the density profile of a single cosmic string wake.
Consider a cosmic string wake at time η, created due to a string formed at ηi, modelled
as a two dimensional disk of radius ξ(η, ηi) with surface density σw(η, ηi). The 2D Fourier
transform of the disk is given by
F˜ (k⊥; ξ) = 2pi
J1(k⊥ξ(η, ηi))
k⊥
, (2.8)
where k⊥ =
√
k2x + k
2
y and J1 represents the Bessel function of the first kind (of order one).
We suppose that the string wake is oriented in direction nˆ, which we assume for simplicity is
aligned with the z-axis. The Fourier transform (FT) of the density profile reveals
δ1(k, η, ηi) =
∫
d3xeik.x
δρ(x)
ρc
=
∫
dzeik||.zδ(z)
σw(η, ηi)
ρc
F˜ (k⊥; ξ)
=(2pi)
σw(η, ηi)
ρc
ξ(η, ηi)
J1(k⊥ξ(η, ηi))
k⊥
, (2.9)
where k⊥ =
√
k2 − (k.nˆ)2. In order to simplify notation we use the notation σw(η, ηi) ≡
σw(η, ηi)/ρc in what follows.
3 Compensation
After topological defects are formed, there must be a compensating underdensity in the rest
of the matter in the universe due to energy-momentum conservation. This underdensity is
not included in the particular solution generated by integrating the source with the Green’s
function, and so must be accounted for somehow. A procedure for incorporating energy-
momentum conservation into the particular solution is called compensation [30].
To understand this point in more detail, let us examine the 00 component of the Einstein
equation at linear order,
− kikj h˜ij + 2
3
k2h+ 2
a˙
a
h˙ = 6
(
a˙
a
)2
δc + 16piGΘ00, (3.1)
where h˜ij is the traceless part of the spatial metric perturbation and h is its trace. In the
coordinate system which leads to (2.1), h˙ = −2δ˙c, and the equation can be rewritten
− kikj h˜ij + 2
3
k2h = 6
(
a˙
a
)2
δc + 4
a˙
a
δ˙c + 16piGΘ00, (3.2)
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Before the phase transition which produced the strings, the energy-momentum was uniform,
and metric tensor was unperturbed.1 After the transition, the metric tensor can be perturbed
on scales inside the horizon, which means that h˜ij can grow no faster than white noise at low
k. Hence, as k → 0,
6
(
a˙
a
)2
δc + 4
(
a˙
a
)
δ˙c + 16piGΘ00 → 0. (3.3)
The scaling property of the defect source requires that Θ00 ∼ η−1/2 as kη → 0, which means
that δc ∼ η3/2. However, when we calculate the particular solution of the equations (2.1)
with the Green’s function,
δSc (k, η) = 4piG
∫ η
ηi
dη′Gc(k; η, η′)Θ+(k, η′), (3.4)
we find that this “subsequent” perturbation inevitably contains a super-horizon growing mode
proportional to η2. The resolution, as pointed out by Albrecht and Stebbins [30], is that the
growing mode is cancelled or “compensated” by the homogeneous part of the solution δIc , set
at the initial time ηi.
In [30, 45] the effect of compensation was modelled by multiplying the synchronous
gauge source by a kernel
γc(k, η) =
1
1 + k2c (η)/k
2
, (3.5)
where kc ∼ η−1. This has the effect of multiplying δc by a factor (kη)2 for kη  1, which
eliminates the super-horizon growing mode, but allows perturbations to grow within the
horizon where they are observable. This is a useful trick when one wishes to avoid generating
spurious growing modes in numerical integration of the Green’s function. In fact, any factor
which removes the divergent term is acceptable, provided it is normalised to reproduce the
correct amplitude of the growing mode inside the horizon. In [30], ηkc(η) was chosen as 2pi or
4pi, while Avelino et al used a function advocated by Cheung and Magueijo [49] interpolating
between
√
6 in the radiation era and
√
18 in the matter era.
Cheung and Magueijo’s argument was given in the flat-slicing gauge, not the synchronous
gauge used here. Nonetheless, we will see that using their choice of compensation kernel
kc(η) =
√
18/η with our model for the source (described below) results in a power spectrum
close to that produced by the commonly-used CMBACT [37] software, with appropriately
chosen parameters. CMBACT integrates the synchronous equations directly, rather than
using a Green’s function, and does not produce a super-horizon growing mode. Our attitude
will be that the agreement is sufficient justification for using the combination of the source
model and the compensation kernel we choose.
4 Comparison of matter power spectra
4.1 UETC approach
4.1.1 General Formalism
The matter power spectrum, P (k), is defined using the two point correlator of the perturba-
tion, δc, by the expression
〈δc(k1, η)δc(k2, η)〉 = (2pi)3δ3(k1 + k2)P (k1, η) . (4.1)
1At linear order the inflationary perturbations are independent and can be added separately.
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We introduce the dimensionless unequal time correlator C+ by
〈Θ+(k, η)Θ∗+(k′, η′)〉 = (2pi)3δ3(k− k′)
φ40√
ηη′
C+(k, η, η
′) , (4.2)
where φ0 is the expectation value of the symmetry-breaking field, and is related to the string
tension by µ ' 2piφ20 in the Abelian Higgs model. A cosmic string network generically evolves
towards a scaling regime, by which we mean that C+ is a function of the dimensionless
combinations x = kη and x′ = kη′ [50, 51]. It is also convenient to use the variables
z =
√
k2ηη′, r = η′/η . (4.3)
As described in Section 3 the source term in the equation of motion (2.1) should be multiplied
by the compensation factor γc(k, η). Therefore, the perturbations are given by the altered
form of equation (2.3):
δN (k, η) = 4piG
∫ η
ηi
dη′GN (k; η, η′)Θ+(k, η′)γc(k, η′) . (4.4)
The power spectrum of the matter density perturbation is then given by
P (k) = 2
∫ η
ηi
dη′
∫ η
ηi
dη′′Gc(k; η, η′)G∗c (k; η, η′′)
C+(kη
′, kη′′)√
η′η′′
γc(k, η
′)γc(k, η′′) . (4.5)
where we set  ≡ 4piGφ20 to compress notation. The UETC is expected to be well approximated
by the generic form [52–54]
C+(z, r) =

2E¯+
r
3
2 + r−
3
2
z < 1
E+(z)e
−z2 ln(r)2/2A2 z ≥ 1
(4.6)
where A is constant and E+(z) approaches a constant value, E¯+, on large scales (for z  1)
[54]. They generally take different values in the radiation (r) and matter (m) eras, with
Er+ > E
m
+ . The appearance of the factor 2/(r3/2 + r−3/2) on large scales is explained in
Appendix A, and z2 ln(r)2 is a useful approximation to k2(η − η′)2, observed in numerical
simulations [54].
Combining the large scale and small scale behaviour leads to the more convenient form
of the UETC,
C+(k, η, η
′) =
2E+(z)
(r
3
2 + r−
3
2 )
e−z
2 ln(r)2/2A2 . (4.7)
4.1.2 Gaussian model for the cosmic string UETC
Using the expression for Θ+ in equation (2.5) for a cosmic string network (evolving according
to a Nambu-Goto action) we may write
〈Θ+(k, η)Θ∗+(k′, η′)〉 = (2µ)2
∫
dsds′
〈
X˙2sX˙
2
s′e
i(k·Xs−k′·Xs′ )
〉
, (4.8)
where the subscript s′ indicates that we take X(η′, s′).
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For modes well inside the horizon, we approximate the string network as consisting of
an ensemble of randomly placed strings with a Gaussian distribution for the random fields
X˙, X′, as in [20, 55].
The important correlation functions are denoted:
Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , Π(s−, η) = 〈(X(s, η)−X(s′, η)) · X˙(s′, η)〉 ,
V (s−, η) = 〈X˙(s, η) · X˙(s′, η)〉 , (4.9)
where s− ≡ s− s′. We will also write η− = η − η′, s+ = (s+ s′)/2 and η+ = (η + η′)/2. For
small time differences and small spatial separation between points on the string (such that
|η−| < ξ and |s−| < ξ), we can approximate the two point function 〈[X(σ, η)−X(σ′, η′)]2〉 in
the following form,
〈[X(s, η)−X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− X˙(s′, η+)(η−)]2〉
≈ Γ(s−, η+) + Π(s−, η+)η− + V (0, η+)η2− , (4.10)
The asymptotic small scale limit for these functions is given by
Γ(s) ≈ t2s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (4.11)
where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to
the approximate time-reversal symmetry of the string network2 [20] and terms involving Π
will therefore be neglected in the remainder of the paper. Note the constraint condition
v2 + t
2
= 1.
For larger scales we assume the correlators between X˙ and X′ vanish, as is appropriate
for a random walk. A suitable model for the velocity correlator is [22, 55]
V (s−, η) ≈ v2
(
1− |s−|
ξ
)
exp(−|s−|/ξ). (4.12)
However, using this function leads to complicated expressions for the UETC so instead we
simplify and set3 V (s−, η) ≈ v2/2. It is also useful to think of the string network as being
made up of independent segments of length ξ, in which case we should limit the range of
integration over s− to (−ξ, ξ). There exists a certain ambiguity regarding the time at which
the correlation length - which is assumed to be equal to the inter-string distance, - is evaluated.
A sensible choice may be to set ξ = min(ξ(η), ξ(η′)), since the correlation length scales as
ξ(η) ∝ η, and in computing ∫ dsds′ in equation (4.8), the Gaussian approximation for the
string correlation functions is a better approximation at the smallest available length-scale.
Alternatively, given that the UETC must be symmetric under the exchange η ↔ η′ one
may express ξ in the symmetric form ξ =
√
ξ(η)ξ(η′). In practice, the choice makes little
difference, since on sub horizon scales, the UETC peaks strongly in the equal time limit,
while we will account for the superhorizon behaviour explicitly. We make use of the latter
identification in this section and set ξ = α
√
ηη′, where α ' 0.15 is a constant.
Using the relationships described here we obtain the following form for the UETC C+
C+(kη, kη
′) = 4µ¯2
√
ηη′
Ω
∫
ds+ds−
(
V (0)2 +
2
3
V (s−)2
)
exp
(−k2Γ2(s−)
6
)
exp
(−k2v2η2−
6
)
,
2Wandelt private communication
3The suppression due to the exponential function ensures that this approximation is reasonable.
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where Ω is a normalisation volume, and µ¯ = µ/φ20. Therefore, we find
C+(kη, kη
′) ≈ 4µ¯2
√
ηη′L
∫ ξ
−ξ
ds−
7
6
v4 exp
(
−k
2t
2
s2−
6
)
exp
(−k2v2η2−
6
)
, (4.13)
where L = ∫ ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of
long strings is given by ρ∞ = µ/ξ2. This implies that L = 1/ξ2. Hence, correcting for the
super-horizon behaviour as in equation (4.7), we obtain
C+(kη, kη
′) ≈ 4µ¯2 7
6
√
6piv4
α2t
1
k
√
ηη′
erf
(
ktα
√
ηη′
6
)
exp
(−k2v2η2−
6
)
2
r3/2 + r−3/2
, (4.14)
where r = η/η′. Comparison with the general UETC form (4.6) shows that
E+(z) =
14
√
6pi
3
µ¯2v4γv
α2z
erf
(
αz√
6γv
)
, A =
√
3
v
, (4.15)
where we have used t = γ−1v . Note the characteristic stringy z
−1 behaviour as z → ∞. The
approximate values of the parameters for Abelian Higgs and Nambu-Goto strings are given
in Table 1. The values of the parameters are constant in the deep radiation or deep matter
era. In order to track their evolution in the matter-radiation transition we make use of the
velocity-one scale (VOS) model [56–59], by evolving the equations
d ln ξ
dη
= (1 + v2)
d ln a
dη
+
c˜v
2ξ
,
dv
dη
= (1− v2)
(
k˜
ξ
− 2d ln a
dη
v
)
, (4.16)
where c˜ is a constant quantifying the energy loss rate (set to a value 0.23 to agree with
CMBACT), and k˜ = (2
√
2/pi)(1− 8v6)/(1 + 8v6) [59].
By substituting the expression for the UETC given by equation (4.14) into equation (4.5)
one obtains our formula for the matter power spectrum.
matter era radiation era
AH NG AH NG
µ¯ 2pi 2pi 2pi 2pi
v 0.51 0.59 0.5 0.63
t¯ 0.86 0.81 0.87 0.77
α 0.30 0.17 0.30 0.15
E¯+ 700 4140 640 7300
A 3.5 2.9 3.5 2.7√
2piAE¯+/µ¯
2 45 260 40 460
Table 1: Approximate values of cosmic string parameters in the Abelian Higgs [54, 60] and
Nambu-Goto [61] cosmic string scenarios, with the derived value of the UETC parameters
E+ and A defined in (4.6).
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4.1.3 Comparison to USM
CMBACT is based on the unconnected segment model (USM) model [62, 63] where the string
network is modelled as a set of randomly placed and oriented straight segments moving with
speed v¯ in a random direction at right angles to the orientation. Scaling demands that the
length of the segments grows with time, and their density decreases as the inverse square.
As we shall show in this section, the UETC of the USM and that computed in the
Gaussian string model are very similar. In [40] (hereafter referred to as ACMS) analytic
expressions were derived for the UETCs of the USM. Although the UETC of Θ+ was not
directly computed, we can use 〈Θ+Θ∗+〉 ' 4v4〈Θ00Θ∗00〉. We will also assume that the effec-
tive string tension and string energy per unit length are equal, as in the current version of
CMBACT, and that string segments decay instantaneously. Hence, in the same notation as
ACMS,
〈Θ+(k, η1)Θ∗+(k, η2)〉 '
8v4µ2
k2(1− v2)f(η1, η2, ξ, 1)[I1(x−, ρ)− I1(x+, ρ)] , (4.17)
where x1,2 = kαη1,2, x± = (x1 ± x2)/2, ρ = k|η1 − η2|v. The functions are
I1(x, ρ) =
∞∑
c=0
1
c!
ρ
2c− 1
(−x2
2ρ
)c
jc−1(ρ) , (4.18)
where jn(x) is the spherical Bessel function, and
f(η1, η2, ξ, 1) =
1
α3Max(η1, η2)3
, (4.19)
In Figure 1 we plot a comparison of the analytic expression for the UETC calculated using
the USM (4.17) with the UETC computed using the Gaussian model in this paper (4.2,4.14).
The qualitative behaviour is very similar. The correlator peaks at equal times, and decreases
as a function of the ratio x1/x2 outside the horizon, or |x1−x2| inside the horizon. Although
it is not obvious, the super horizon behaviour at large time ratios is very close to each other,
as in the ACMS expression,
〈Θ+(k, η1)Θ∗+(k, η2)〉 →
8v4µ2
α3(1− v2)
1
(η1η2)1/2
1
Max(r3/2, r−3/2)
(4.20)
where r = η1/η2. This is to be compared to the large r, small z behaviour of Eq. (4.7)), which
implies
〈Θ+(k, η1)Θ∗+(k, η2)〉 →
14
3
√
pi
6
v4µ2
α
1
(η1η2)1/2
2
r3/2 + r−3/2
(4.21)
It should also be noted that the UETC can take small negative values in the ACMS expression,
possibly due to truncation errors in the computation of the series expansion, with their
magnitude small enough that the question of their sign is irrelevant; by contrast the UETC
using the Gaussian model is positive everywhere. The Gaussian model UETC has smaller
amplitude but has a broader peak than the ACMS version; as we shall observe, the resulting
power spectrum using either UETC expression will have a similar amplitude.
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Figure 1: Comparison of the unequal time correlator computed using the USM model (and,
in particular, the analytic version given by ACSM [40]) with that computed in this paper. As
is clear from the lower panel the two approaches give very similar qualitative behaviour. The
upper panel, on a log scale, highlights the slight difference between the two, with the UETC
computed here having a broader spread around the equal time result. The approach in this
paper ensures the UETC is everywhere non-negative, while the UETC computed using the
ACSM (USM) model contains regions of negative magnitude.
4.2 Matter power spectrum in the Wake model
In order to compute the power spectrum using the wake model density perturbation, (2.9),
we first compute the average over all orientations nˆ of the square of the density perturbation
from a single wake. Setting kˆ · nˆ = µ, we find that this quantity is given by
〈|δ1(k, η, ηi)|2〉nˆ =
∫
dnˆ
4pi
|δ1(k, η, ηi)|2 =
(
2piσ¯w(η, ηi)ξ(ηi)
2
)2 ∫ 1
−1
dµ
2
[
J1(kξ(ηi)
√
1− µ2)
]2
k2ξ(ηi)2(1− µ2) .
(4.22)
The total angle averaged (squared) density perturbation at time η due to all wakes formed at
time ηi is thus given by dP (k, η, ηi) = dnw(ηi)〈|δ1(k, η, ηi)|2〉nˆ , where dnw(ηi) is the number
density of wakes formed between ηi and ηi + dηi. Using the scaling assumption, the number
density of wakes formed in time dηi can depend only on the time of formation, and so
dnw =
ν
η4i
dηi, (4.23)
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where ν is a constant. Averaging over the angles to compute the power spectrum implicitly
results in an isotropic power spectrum, such that the result is independent of configuration.
We note however, that we have neglected the issue of compensation terms in this expression.
Since the wake model utilises a Zel’dovich approximation which should agree on linear scales
with the result computed using perturbation theory, it is clear that such terms are necessary
and must be incorporated. Since the effect of compensation are accounted for in linear
perturbation theory by multiplying the source by the factor γc - as given in Section 3 -
we infer that we may approximate the effect of compensations in the wake model by the
replacement
δ1(k, η, ηi)→ δ1(k, η, ηi)γc(k, ηi) , (4.24)
i.e. by multiplying the expression for the density by the compensation factor for the time the
wake was sourced.
We infer that the total power spectrum, defined in (4.1), is given at time η by
P (k, η) =
∫ η
η1
dηi
dnw
dηi
〈|δ1(k, η, ηi)|2〉nˆγc(k, ηi)2
=
∫ η
η1
dηi
 ν
η4i
(
2piξ(ηi)
2σ¯w(η, ηi)γc(k, ηi)
)2 ∫ 1
−1
dµ
2
[
J1(kξ(ηi)
√
1− µ2)
]2
k2ξ(ηi)2(1− µ2)
 , (4.25)
where η1 is an arbitrary initial time4. We can relate the constant ν to the string network
parameters as follows: the area of new wakes generated in time dηi is pi(αηi)2dnw, which is
equal to the area swept out by the string network in the same time interval, or
pi(αηi)
2dnw = Ltvdηi, (4.26)
where the factor of the RMS tangent vector t¯ translates from the invariant length density L
to the required length density. Hence, recalling that L = 1/α2η2i , we have
ν =
t¯v
pi2α4
. (4.27)
The wake model is valid only for string sources deep within the matter era. Therefore, while
we do not expect this approach to give highly accurate quantitative results, we expect the
behaviour to be qualitatively similar to that computed using the linear approach. In particular
our motivation for introducing the wake model is to validate the qualitative behaviour of the
power spectrum and bispectrum computed using the linear model. In order to investigate the
qualitative behaviour for the power spectrum, we shall compare the behaviour to that of the
linear model in the deep matter era.
4.3 Analytic limits and numerical evaluation
4.3.1 Analytic comparison of the wake model and the Gaussian UETC model
In Appendix B we carry out some analytic estimates for both models. The wake model is
strictly valid only in the matter dominated era, and in order to make comparisons to the
Gaussian UETC model, we restrict the latter to the same era, such that the Green’s function
4The wake model makes use of the Zel’dovich approximation which is valid only in the matter era. There-
fore, we must simply require η1 & ηeq.
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Figure 2: Comparison of the power spectrum computed for the wake model and the UETC
(Gaussian) model in the matter dominated era. Also plotted is the wake model power spec-
trum without the compensation factor.
may be approximated as Gc(k′η, η′) = η2/(5η′). From the analytic results, we find that the
wake model and Gaussian UETC model give qualitatively similar results with both describing
a power spectrum proportional to k4 on superhorizon scales, k on large scales, and k−2 on
small scales, respectively. This agreement gives a reassurance that, despite the inherent non-
linearity of a cosmic string network, the linear perturbation theory result produces accurate
results. We shall carry out a similar analysis for the bispectrum. In order to investigate any
quantitative differences between the two models, we numerically integrate equations (4.25)
and (4.5) (the latter using the aforementioned Green’s function and the unequal time corre-
lator of the Gaussian model), from ηeq to η. We use fixed values for the parameters given in
Table 1. This comparison is plotted in Figure 2. We observe that the agreement is not just
qualitative, but quantitative as well. We also plot the power spectrum of the wake model
without the compensation factors. We see for k . 0.1h/Mpc that, without the compensation
factor, we would infer a much larger amplitude for the power spectrum.
4.3.2 Numerical evaluation
We may now evaluate the power spectrum using the unequal time correlator using equa-
tion (4.5). The Green’s functions are computed numerically and the expressions integrated
from ηi = 0.01 Mpc to η = 14000 Mpc. The string parameters are evolved using the VOS
model - described in Section 4.1.2 - with initial conditions given by the radiation era scaling
values in Table 1 with the fiducial value of Gµ given (as in CMBACT) by Gµ = 1.1× 10−6.
We also compute the power spectrum for the USM model by substituting equation (4.17)
into equation (4.5) (using equation (4.2)). The results are plotted in the right hand panel
of Figure 3. It is apparent that any difference between the two models are entirely trivial
at the level of the power spectrum. We also plot the comparison between these results and
that obtained numerically with CMBACT using 200 network realisations of the USM model5.
The comparison establishes that the compensation factor allows for the power spectrum to
be correctly calculated using the Green’s function technique. In addition we plot (in the left
panel) the comparison between the (linear) matter power spectrum for the matter component
5In this work we have not considered the presence of baryons, which must be present to run CMBACT.
Therefore, for the running of CMBACT we have set Ωm = 0.25, Ωb = 0.02, and scaled the output by
(0.27/Ωm)
2, to correct the amplitude.
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Figure 3: In the left panel we compare the inflationary perturbation induced matter power
spectrum to that computed in this paper for cosmic strings. In the right panel we include a
comparison of the matter power spectrum computed with the Green’s function using (solid
line) the ACMS computation for the UETC with that evaluated using (dash line) the Gaussian
model UETC of this paper. We also include a comparison to the output from the CMBACT
code using 200 network realisations to calculate the UETCs. The relative lack of smoothness
of the CMBACT power spectrum is due to the relatively low number of simulations used in
its evaluation. The figures are computed for z = 0 and for Gµ = 1.1× 10−6.
of the ΛCDM model, as computed using CAMB (with parameters given by results from the
Planck satellite [64]), emphasising that in the linear regime (k . 0.3h/Mpc) that the cosmic
string matter power spectrum lies at least an order of magnitude below that of the standard
ΛCDM structure formation scenario (noting also that P (k) ∝ (Gµ)2).
For these plots we have considered the spectra today, i.e. at η ≈ 14000Mpc. One may
wonder whether the cosmic string spectrum may dominate at higher redshifts. In the matter
era the scale factor has the conformal time behaviour a ∝ η2. Therefore, we infer from the
analytic expressions in this section that P (k) ∝ 1/(1 + z)2. Perturbations from inflation, Φ,
result in the density perturbation, δ, which may be inferred from the Poisson equation
δ(k, z) =
2
3
k2T (k)D(z)
ΩmH20
Φ(k) ≡M(k, z)Φ(k) , (4.28)
where the linear transfer function, T (k), is normalised to unity at large scales, and D(z) is
the linear growth function and is normalised D(z) = 1/(1 + z) during matter domination.
Therefore, we infer that the ΛCDM inflation based matter power spectrum, P˜ (k) also scales
as P˜ (k) ∝ 1/(1 + z)2. Thus, we deduce that the cosmic string matter power spectrum at
the current upper bound Gµ . 1.3× 10−7 is around 3 orders of magnitude below the ΛCDM
linear matter power spectrum at all redshifts, and therefore offers little promise as a probe
for cosmic strings.
5 Bispectra
We recall that the matter bispectrum B is given by the three point correlator of the matter
perturbation,
〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2pi)3δ3(k1 + k2 + k3)B(k1, k2, k3, η) . (5.1)
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In this section we describe our computations of the matter bispectrum due to the presence
of a network of cosmic strings. We calculate B in two different ways: in linear perturbation
theory and in the wake model.
In linear perturbation theory, we need to evaluate the three-point unequal time correlator
(UETC3) of Θ+, which is prohibitively expensive in field theory simulations and in the USM
framework. However, the Gaussian model gives a rather simple form, and integrating it with
the relevant Green’s function is numerically tractable, and also allows for analytic estimates
of the bispectrum in various regimes.
In order to test the validity of the linear approach, we also use the wake model to com-
pute the bispectrum, comparing both the analytic expressions and the numerically evaluated
functions in certain limits. As with the power spectrum, we use compensation factors to
remove unphysical growing modes on superhorizon scales.
Having presented calculations of the bispectrum using both the (linear) perturbation
based approach and the (non-linear) wake model approach, the general expression for the
perturbation theory bispectrum is compared to the gravitational bispectrum in order to assess
the possibility of using this signal to test for the presence of cosmic strings. By analogy to
calculation for the matter bispectrum induced by self-ordering scalar fields [41, 42], one may
anticipate our conclusion that the cosmic string matter bispectrum is subdominant.
5.1 UETC approach
5.1.1 General formalism
We define the source bispectrum β by
〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ60β+(k1, k2, k3, η1, η2, η3)(2pi)3δ3(k1 + k2 + k3). (5.2)
The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can
be expressed as a function of five dimensionless combinations of the six arguments ka, ηa
(a = 1, 2, 3). For example, one could take xa = kaηa, and chose any two of the combinations
r1 =
η2
η3
, r2 =
η3
η1
, r3 =
η1
η2
. (5.3)
Note that r1r2r3 = 1. It can also be convenient to define κab = −ka · kb, and to use the
dimensionless combinations za defined by
z21 = κ23η2η3, z
2
2 = κ31η3η1, z
2
3 = κ12η1η2. (5.4)
The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to
be strongly peaked inside the horizon (xa  1) near ra = 1, by analogy with the source
two-point function, and white noise outside the horizon. Outside the horizon, we may use a
similar argument to that described in Appendix A for the case of the power spectrum and
infer that the three point correlations die off as the second power of the ratios of the earlier
time to the later time. Hence, a reasonable model is
β+(z1, z2, z3, r1, r2) =

3E
(3)
+ (0)(
r2
r1
)2
+
(
r3
r2
)2
+
(
r1
r3
)2 , (xa  1),
E
(3)
+ (z1, z2, z3) exp
(−∑a z2a ln(ra)2/2A2) , (xa  1).
(5.5)
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We combine these regimes and without loss of generality assume that η1 < η2, η3 to write
β+(z1, z2, z3, r1, r2) =
E
(3)
+ (z1, z2, z3)
(r3/r2)2
exp
(
−
∑
a
z2a ln(ra)
2/2A2
)
, (5.6)
i.e. we multiply the small scale source bispectrum by 1/(r3/r2)2 to obtain the correct large
scale behaviour. Substitution of the solution (2.3) into (5.1) gives
B(k1, k2, k3, η) = 
3
∫ η
ηi
∫ η
ηi
∫ η
ηi
Π3a=1[dηa]Π
3
a=1 [Gc(ka; η, ηa)γc(ka, ηa)]β+(z1, z2, z3, r1, r2) ,
where we have included the compensation factor γc.
5.1.2 Gaussian model for cosmic string UETC3
Following a similar calculation to that presented in [20–22] and in Section 4.1.2, we find (with
k3 = −k1 − k2 imposed)
β+(k1, k2, k3, η1, η2, η3) ≈ 8µ¯3L
∫
dσ12dσ13〈X˙21X˙22X˙23〉 exp
(
−
∑
a<b κab(Γab(η1)− v2η2ab)
6
)
,
where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab =
Γ(σa − σb) and κab = −ka · kb. Suppressing the dependence on η, the individual correlators
are given in the Gaussian approximation by
〈X˙21X˙22X˙23〉 = V 3(0) + 2V (0)V 2(σ12) +
8
9
V (σ12)V (σ13)V (σ23),
exp
(
−1
6
∑
a<b
κabΓ
2
ab(η
′)
)
≈ exp
(
− t
2
6
(k22σ
2
12 + k̂
2
3σ
2
13)
)
,
exp
(
−v
2
6
∑
a<b
κabη
2
ab
)
≈ exp
(
−v
2
6
(k22η
2
12 + k̂
2
3η
2
13)
)
, (5.7)
where k̂3 =
√
k22k
2
3 − κ223/k2. In writing these expressions we assume that k2 & k1, k3.
Approximating V (σ) = v2/2 (with V (0) = v2), we find that
β+(k1, k2, k3, η1, η2, η3) ≈ β0
ξ2
1√
k22k
2
3 − κ223
erf
(
tk2ξ√
6
)
erf
(
tk̂3ξ√
6
)
exp
(
−v
2
6
(k22η
2
12 + k̂
2
3η
2
13)
)
,
where we set β0 = 8µ¯3(29pi/3)(v6/t
2
). We assume η1 < η2,3 and may, therefore, set ξ =
min(ξ(ηi)) = αη1 (see Section 4.1.2).
Multiplying by η41/(η22η23) we obtain the correct large scale behaviour (for η1 < η2,3). We
note that the factor k22k23−κ223 is proportional to the square of the area of the triangle formed
by the three wavevectors A. Indeed,
4A2 = k22k23 − κ223 = κ12κ23 + κ23κ31 + κ31κ12 =
(
2(k21k
2
2 + k
2
2k
2
3 + k
2
3k
2
1)− k41 − k42 − k43
)
/4 .
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5.2 Wake model approach
The form of the matter bispectrum using the non-linear wake model approach is easily inferred
from equations (2.9), (5.1), and the discussion in Section 4.2,
B(k1, k2, k3, η) =
∫ η
ηi
dηi
ν
η4i
(2piξ(ηi)
2σ¯w(η, ηi))
3Π3a=1γc(ka, ηi)
∫
dnˆ
4pi
Π3a=1
[
J1(ka⊥ξ(ηi)
ka⊥ξ(ηi)
]
.
(5.8)
Using equations (4.27) and the expressions in Section 2.3 we may rewrite this in the form
B(k1, k2, k3, η) = (8piGµ)
3 v
4
t
2
α
64pi
125
η6
∫ η
ηi
dηi
η4i
[
Π3a=1γc(ka, ηi)
] ∫ dnˆ
4pi
Π3a=1
[
J1(ka⊥ξ(ηi)
ka⊥
]
.
(5.9)
5.3 Analytic limits
5.3.1 UETC analytic limits
The bispectrum of string-induced matter perturbations may be written
B(k1, k2, k3, η) ≈ (8piGµ)3 29pi
375
v6
α2t
2
∫ η
ηi
dη1
η31
∫ η/ηi
1
dr2
r32
∫ η/ηi
1
dr˜3
r˜33
erf
(
tk2αη1√
6
)
erf
(
tk̂3αη1√
6
)
× exp
(
−v
2
6
(k22η
2
1(ln r˜3)
2 + k̂23η
2
1(ln r2)
2)
)
γc(k1, η1)γc(k2, η1r˜3)γc(k3, η1r2)
×G˜c(k1; η, η1)G˜c(k2; η, η1r˜3)G˜c(k3; η, η1r2) η
6
k2k̂3
, (5.10)
where r˜3 = 1/r3, and we set G˜c(k; η, ηi) = Gc(k; η, ηi)5ηi/η2, a function which tends to one
in the deep matter era. In the following limits we shall assume that k3 . k1 = k2 = k, and
define
k̂3 = k3
√
1− k23/(4k2). (5.11)
We assume the range of integration ranges from η1 ∈ [ηeq, η], where η  ηeq, such that we
may assume G˜c = 1. We shall consider firstly the small scale limits, and then consider the
squeezed limit result, as well as, the result for the large scale equilateral limit.
The analytic estimates may be computed in a similar fashion to those of the power
spectrum, as detailed in Appendix B.
Small scales, k2, k̂3  η−1eq — In this regime we may neglect the compensation factors and set
the error functions to unity. This results in the small scale bispectrum result,
B(k1, k2, k3, η) ≈ (8piGµ)3 29pi
2
1000
v4
α2t
2
η6
(k2k̂3)2η4eq
. (5.12)
In particular, in the equilateral limit (for which k̂3 =
√
3k/2), we observe that Bequil ∝ η6/k4
in the small scale limit. For the (slightly) squeezed limit where k2  k3, but k3  η−1eq , this
result implies that Bsqu ∝ η6/(kk3)2. However, one usually pictures the squeezed limit for
which η−1  k3  η−1eq  k2, which as we shall see next has different qualitative behaviour.
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Special case: squeezed limit, k  η−1eq , η−1  k̂3  η−1eq — In the time interval η′ ∈
[ηeq,
√
18/k3] the compensation factor for the scale k3 may not be neglected, as it is out-
side the horizon. With the compensation included, the bispectrum (5.10) is approximated
by
B(k, k, k3, η) ≈ (8piGµ)3 29pi
6750
v5
αt
k23
k2
η6 ln
( √
18
k3ηeq
)2
∝ k
2
3
k2
. (5.13)
Special case: large scale equilateral limit, η−1  k  η−1eq — To obtain the large scale equilat-
eral result, we consider the integration limits η1 ∈ [
√
18k−1, η] for which we may neglect the
compensation factors. The regime η1 ∈ [ηeq,
√
18k−1] gives the same qualitative behaviour
but is of smaller amplitude. We find
B(k, k, k, η) ≈ (8piGµ)3 29pi
2
750
v4
α2t
2 η
6 ∝ k0 . (5.14)
Therefore, in this regime we obtain the result that the matter bispectrum in the equilateral
configuration does not scale with wavenumber at each redshift.
5.3.2 Wake model analytic limits
In order to validate the qualitative behaviour of the (linear) perturbation theory matter
bispectrum, we consider the same analytic limits using the non-linear wake model - employing
equation (5.9) in our study.6
Small scale equilateral limit, ki = k  η−1eq — We parametrise the equilateral shape such that
k1 = k(sin(pi/3), cos(pi/3), 0), k2 = k(− sin(pi/3), cos(pi/3), 0), with k3 = −k1−k2, such that
k21⊥/k
2 = 1− sin2 θ sin2(φ+ pi/3) , k22⊥/k2 = 1− sin2 θ sin2(φ− pi/3) ,
k23⊥/k
2 = 1− sin2 θ sin2(φ) , (5.15)
where dnˆ = sin θdθdφ. Setting µ = cos θ, the integrand in equation (5.9) peaks near the points
on the (µ, φ) plane given by (1, pi/2), (1, pi/2±pi/3). Clearly by symmetry considerations each
of the peaks contributes equally. Therfore, expanding in the φ parameter near the peak at pi/2,
in the form φ = pi/2 + ψ, we may write k3⊥/k =
√
ψ2 + µ2, k1⊥/k ≈ k2⊥/k ≈
√
(3 + µ2)/4.
We may then obtain the result,∫
dnˆ
4pi
Π3i=1
[
J1(ki⊥αηi)
k1⊥αηi
]
≈ 3
∫
dµdψ
4pi
J1(z
√
ψ2 + µ2)J1(z
√
3 + µ2/2)2
z
√
ψ2 + µ2(z
√
3 + µ2/2)2
≈ 3
4pi
(
J1(βz)
βz
)2 ∫
dµdψ
J1(z
√
ψ2 + µ2)
z
√
ψ2 + µ2
≈ 3
2
(
J1(βz)
βz
)2 ∫
dρ
J1(zρ)
z
≈ 3
2
(J1(βz))
2
β2z4
,
(5.16)
where we set z ≡ kαηi, and where β represents a constant of value between 3/4 and 1. On
the final line of this expression we use the fact that
∫ z
0 dxJ1(x) = 1− J0(z) ≈ 1 (for z  1).
Finally our analytic expression for the equilateral bispectrum takes the form
B(k, k, k, η) ≈ (8piGµ)3 v
4
t
2
α2
24pi
125β2
η6
η4eqk
4
. (5.17)
6We omit the general small scale limit for which an analytic result is not possible and include the specific
case of an equilateral small scale limit.
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The agreement with equation (5.12) in the equilateral limit is immediately apparent, suggest-
ing again that the linear perturbation theory result may be trusted for calculations of the
three-point function.
Special case: squeezed limit, k  η−1eq , η−1  k̂3  η−1eq — In this regime we may again replace
the k3 dependent Bessel function using the small x limit J1(x) ≈ x/2, to obtain the result∫
dnˆ
4pi
Π3i=1
[
J1(ki⊥αηi)
k1⊥αηi
]
≈
∫
dnˆ
4pi
J1(k⊥αηi)2
(k⊥αηi)2
=
∫ 1
−1
dµ
2
J1(k
√
1− µ2αηi)2
(k
√
1− µ2αηi)2
≈ 1
α2η2i k
2
.
(5.18)
Therefore, we find that
B(k, k, k3, η) = (8piGµ)
3 v
4
t
2
32pi
1125
k23
k2
η6 ln
( √
18
k3ηeq
)
, (5.19)
which again agrees well with the perturbation theory result in this limit.
Special case: large scale equilateral limit, η−1  k  η−1eq — The calculation follows similar
steps to the small scale equilateral limit, with the result in this case given by
B(k, k, k, η) ≈ (8piGµ)3 v
4
t
2
α2
24pi
125β2
η6 ∝ k0 . (5.20)
We conclude that the non-linear and linear models give the same matter bispectrum in all
limits considered. As such we may use the bispectrum calculated using linear perturbation
theory valid for all redshifts (and not just the deep matter era as studied analytically in this
section) to investigate numerically whether this signal may be detectable or otherwise.
5.4 Numerical evaluation and comparison to gravitational bispectrum
We obtain numerical values for the bispectrum (5.10) using the numerical solutions for the
Green’s function and the VOS model, in just the same way as the power spectrum. We
consider the bispectrum for k1 = k2 = k and k3 < k. We compare to the gravitational
bispectrum given (at tree level) by
Bgrav(k1, k2, k3) = 2F2(k1,k2)P˜ (k1)P˜ (k2) + 2 perms , (5.21)
where the kernel F2 is given by [65]
F2(k1,k2) =
5
7
+
1
2
k1 · k2
k1k2
(
k1
k2
+
k2
k1
)
+
2
7
(
k1 · k2
k1k2
)2
. (5.22)
Setting k3 = k sin θ, in Figure 4 we plot the comparison between the gravitational bispectrum
and the cosmic string matter bispectrum for θ = pi/3 (equilateral limit), θ = 5pi/6 (to probe
the folded limit) and θ = pi/30 (to probe the squeezed limit). We find that the gravitational
bispectrum for k . 3hMpc−1 dominates the cosmic string bispectrum. These plots are
produced for Gµ = 1.1× 10−6, and noting that the cosmic string bispectrum is proportional
to (Gµ)3 we infer that, at current observational limits (about 3 × 10−7 in the field theory
scenario and 10−7 in the Nambu-Goto scenario), the cosmic string bispectrum lies several
orders of magnitude below the gravitational bispectrum. Considering the redshift behaviour,
one deduces that the gravitational bispectrum scales as 1/(1 + z)4, while the cosmic string
bispectrum scales as 1/(1 + z)3. Therefore, while the cosmic string bispectrum increases
(relatively) by an order of magnitude at z ∼ 10, it still lies far below the gravitational
bispectrum, and so is unlikely to be detectable.
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Figure 4: Comparison of the gravitational bispectrum (5.21) with the matter bispectrum
of cosmic strings for k1 = k = k2 and k3 = k sin θ. Clockwise: first panel describes the
comparison for θ = pi/3, i.e. equilateral configuration, second panel is for θ = 5pi/6 (describing
a folded configuration), third panel is for θ = pi/30 (squeezed configuration). The plots are
computed for redshift z = 0 and for string tension parameter Gµ = 1.1 × 10−6. Note that
string bispectra scale as (Gµ)3.
6 Discussion and conclusions
In this paper we have calculated the bispectrum of cosmic string induced matter fluctua-
tions using two different approaches. The first uses linear perturbation theory and integrates
a three-point unequal time correlator (UETC3) of the energy momentum tensor with the
Green’s function for the matter perturbations. The UETC3 uses a Gaussian model for the
string position and velocity correlators, which are compared with those in the widely-used
unconnected segment model (USM). We show that they have a similar form, and result in very
similar power spectra. The second approach uses the Zel’dovich approximation to compute
the density fluctuation induced on a planar surface behind a moving straight string. This wake
model captures some of the non-linearity and non-Gaussianity of the perturbations induced
by strings.
We find that, provided compensation factors are used to maintain energy conservation on
large scales, the two models give the same shape and growth rate for the matter bispectrum.
The equilateral limit decreases as k−4 on scales less than the horizon at matter-radiation
equality, while in the squeezed limit k3  k1 = k2 = k, with k3 representing a large scale
mode at matter-radiation equality, the bispectrum scales as k23/k2, vanishing in the very
squeezed limit. As the triangle becomes less squeezed and k3 approaches smaller scales, the
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bispectrum reverts to a 1/(k23k2) ∼ 1/k4 scaling as in the equilateral case. The large scale
behaviour is approximately scale invariant, agreeing qualitatively with results for self-ordering
scalar fields in this limit.
In all cases the bispectrum is proportional to (Gµ)3 and grows as the scale factor cubed.
By contrast the gravitational bispectrum grows as the square of the scale factor. However,
despite the relative increase of magnitude of the cosmic string signal with redshift, the signal
still lies at least an order of magnitude below the gravitational bispectrum, at observable
redshifts, and observable scales. A more quantitative comparison to the gravitational bispec-
trum reveals that the cosmic string signal is expected to lie several orders of magnitude below
at current observational limits, at redshifts z . 100, and wave numbers k . 1h/Mpc. The
results indicate that future searches for cosmic strings using higher order correlators of large
scale structure are unlikely to prove competitive with other probes such as the CMB.
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A Superhorizon scale behaviour
At any scale R, the volume in each horizon volume can be regarded as a random process
ρR(x, η) = ρ¯R(η)+δρR(x, η). We consider a relative fluctuation of O(1) on each horizon scale
such that
√〈δρR(x, η)2〉 = ( ηR)3/2 ρ¯R(η). Therefore, the two point correlator for η1 < η2 on
such scales obeys
〈δρR(x, η1)δρR(x, η2)〉 =
(η1
R
)3/2
ρ¯R(η1)×
(η2
R
)3/2
ρ¯R(η2)×
(
η1
η2
)3/2
=
η31
R3
ρR(η1)ρR(η2) .
(A.1)
Expressing this equation in Fourier space we find that for white noise on super-horizon scales,
〈δρR(x, η1)δρR(x, η2)〉 =
∫ 2pi/R
0
d3k〈δρR(k, η1)δρR(k, η2)〉 ∝ 〈δρR(k, η1)δρR(k, η2)〉/R3
=⇒ 〈δρR(k, η1)δρR(k, η2)〉 ∝ η31 ρ¯(η1)ρ¯(η2) . (A.2)
Since ρ¯(ηi) ∝ 1/η2i (as must be satisfied for a scaling network of cosmic strings) we infer that
the super-horizon behaviour of the unequal time correlator must satisfy
〈δρR(k, η1)δρR(k, η2)〉 ∝ η
3
1
η21η
2
2
=
1√
η1η2
(
η1
η2
)3/2
. (A.3)
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While this description is strictly only valid for the density component of the stress energy
tensor, i.e. Θ00, we note from energy momentum conservation that on super horizon scales
Θ˙00 +
a˙
a
Θ+ → 0 , (A.4)
which implies that on super horizon scales super horizon form of 〈Θ+Θ∗+〉 ∝ is also given by
the right hand side of (A.3). Using the notation of Section 4 this implies that C+(k, η1, η2) ∝
(η1/η2)
3/2 for η1 < η2.
B Power Spectrum Analytic Limits
B.1 UETC analytic limits
In order to gain an understanding for the qualitative behaviour of the matter power spectrum,
we present analytic expressions in the limit of a matter dominated universe. We restrict the
range for the integrals in equation (4.5) to [ηeq, η] (where η  ηeq). We may then approximate
the Green’s function by
Gc(k; η, η′) ≈ η
2
5η′
. (B.1)
In this regime the compensation factor may be written as γc(k, η1) = 1/(1 + 18/(k2η21)).
Changing variables to (z, r) gives
P (k, η) ≈ 2kη
4
25
∫ z
zeq
dz′z′
∫ ∞
1
dr
r
C+(z
′, r)
z′3
1
1 + 18r/z′2
1
1 + 18/(z′2r)
(B.2)
Superhorizon scales, k . η−1— For superhorizon scales, the UETC is z independent, and we
may write
P (k, η) ≈ 2kη
4
25
∫ z
zeq
dz′
z′2
182
∫
dr
r
2E¯m+
r
3
2 + r−
3
2
≈ 2 2piE¯
m
+
225
1
182
k4η7 (B.3)
From equations (4.6) and (4.15) we infer that E¯m+ ≈ 28µ¯2v4/(3α), where we use the limit
for the error function erf(x) ≈ 2x/√pi , for x  1 . Hence, we obtain the result for the
superhorizon behaviour
P (k, η) ≈ (8piGµ)2 14pi
675
1
182
v4
α
k4η7 ∝ k4 . (B.4)
Large scales, η−1  k  η−1eq — For perturbations on length scales smaller than the horizon,
but still large compared with the horizon at matter-radiation equality, we restrict the range of
the z integration to z′ ∈ [√18, z], such that the compensation factor terms may be neglected
(the contribution from the regime z′ ∈ [zeq,
√
18] has the same qualitative behaviour but is
of smaller amplitude). In this regime we may also approximate the error function by unity.
We then obtain the large scale power spectrum,
P (k, η) ≈ 2kη
4
25
∫ z
√
18
dz′
z′2
∫
dr
r
Em+ (z
′)
z′
e−
z′2 ln(r)2
2A2 ≈ (8piGµ)2 7pi
150
v3
tα2
kη4
183/2
∝ k (B.5)
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Hence we see that inside the horizon, the growing mode of the perturbation induced by the
string takes the same scale-invariant form as inflation-induced perturbations, proportional to
k.
Small scales, η−1eq  k— For small scales, perturbations after matter-radiation equality are
sourced by strings already inside the horizon. In this regime the compensation factors are
unimportant and the power spectrum takes the form
P (k, η) ≈ 2kη
4
25
∫ z
zeq
dz′
z′2
∫
dr
r
Em+ (z
′)
z′
e−
z′2 ln(r)2
2A2 = (8piGµ)2
7pi
150
v3
tα2
η4
k2η3eq
∝ k−2. (B.6)
For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent
with their perturbations being in the form of approximately planar wakes [30]. We will show
in more detail later in this section how string wakes produce a k−2 spectrum.
B.2 Wake model analytic limits
We use equation (4.25) to calculate the power spectrum using the wake model approach in
this section. We again limit the time integration from ηeq to η. We expect the analytic
estimates for both approaches to be both qualitatively and quantitatively similar (though
given the approximations used we require a numerical evaluation of the Green’s functions in
the perturbation theory approach to get accurate quantitative results).
Superhorizon scales, k . η−1— In the regime x  1 we may make the replacement J1(x) ≈
x/2. On super horizon scales we may approximate the compensation factor as γc(k, η1) ≈
k2η21/18. We may then write the power spectrum in the form
P (k, η) ≈ (2pi)
2
182
να4k4
∫ η
ηeq
dηiσ¯
2
w(η, ηi) ≈
(8piGµ)2
182
8
75
v3
t
k4η7 ∝ k4 . (B.7)
Thus we see that this has the same qualitative behaviour as for the perturbation theory result.
Comparing the coefficients we find that they agree up to factors of order unity.
Large scales, η−1  k  η−1eq — We split the integral into the regime where the compensation
factor is important (ηi ∈ [ηeq,
√
18k−1]) from where it may be neglected (ηi ∈ [
√
18k−1, η]).
In the former regime we again use the replacement J1(x) ≈ x/2, while in the latter we exploit
the property that
∫∞
0 dxJ1(x)
2/x = 1/2 by rewriting∫ 1
−1
dµ
(J1(kαηi
√
1− µ2))2
k2(1− µ2) = 2
∫ kαηi
0
dx
J1(x)
2
x
(αηi)
2
(kαηi)2
√
1− (x/(kαηi)2)
≈ 2
∫ ∞
0
dx
J1(x)
2
x
1
k2
=
1
k2
. (B.8)
where in the second line we assume that kαηi  1. Therefore, we find that
P (k, η) ≈ (8piGµ)2 16
25
v3
t
η4
[∫ √18k−1
ηeq
dηi
k4
182
η2i
4
+
∫ η
√
18k−1
dηi
η4i
1
2k2α2
]
≈ (8piGµ)2 4
75
√
18
v3
t
(
1 +
1
9α2
)
η4k ∝ k . (B.9)
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Small scales, η−1eq  k— In this regime we may neglect the compensation factor. We make
use of equation (B.8) to approximate the power spectrum by
P (k, η) ≈ (8piGµ)2 8
75
v3
tα2
η4
k2η3eq
∝ 1/k2 . (B.10)
We again observe the 1/k2 behaviour of the power spectrum, which is a characteristic signature
of the wake-like structure induced by cosmic strings.
In summary, the non-linear wake model and the linear perturbation theory based ap-
proach produce the same behaviour in the super horizon, large scale and small scale regimes.
In addition, it is clear that the compensation term is an important large scale effect which
needs to be incorporated in both approaches.
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